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INTRODUCTION 
This  work  presents a selection of kinematic  information, on several  
different mechanisms, in graphical form. Hopefully, this will provide the 
means  for  "getting a feeling"  for  these  several  mechanisms  and  aid  in  the 
selection of a mechanism  to  obtain a specific  input-output  motion  transfor- 
mation. 
The  considerable  range  in  form of the  motion  transformations 
presented  here  indicate  an  almost  unlimited  scope of possible  transfor- 
mations. It is  expected  that  this  information  will  afford  the  design  engineer 
a means  for  solving  many  kinematic  problems  by  selecting  the  appropriate 
mechanism directly from this compilation. In addition, minor changes to 
the  parameters  (link  lengths  or  gear  diameters),  which  determine  the  motion 
transformation of a particular  mechanism,  may  produce  more  exact  solu- 
tions  to  specific  kinematic  problems. 
Kinematic  solutions of precision  better  than  can  be  obtained  from  the 
graphs are possible  using a variety of numerical  approaches.  These are 
particularly  suitable  when  used  with a high  speed  digital  computer.  Several 
different  means  have  been  employed  successfully  including  random  selection 
of parameters  (with  limited  ranges  specified),  systematic  searches  based on 
a specified  grid  size,  and  techniques  that  are  local  linearizations of a n   e r r o r  
function. 
The  graphs  were  produced "off line" by an  electro-mechanical  plotter 
f rom  an ALGOL program  run on a Burrough' s B5000 computer.  The  consid- 
erable  programming  efforts  were by Mr. Chang-Shi  Lu  whose  work is hereby 
warmly  acknowledged.  This  work would not have  been  possible  without  the 
financial  support of a National  Aeronautics  and  Space  Administration 
Institutional  Grant  to  the  University of Virginia. 
Considerable  detail is presented  including  the  manipulations of units. 
This  should  make  the  work of more  value  to  those who  do  not  count  them- 
selves experts in the field of kinematics. Hopefully, the superfluous detail 
will  be  skimmed  over by those  more familiar with  the  area. 
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The  seven  mechanisms  considered  here  were  selected  arbitrarily. 
They  do  represent a rather  broad  scope of complexity  ranging  from a 
modified  four-bar  mechanism  and a form of the  slider-crank  mechanism 
through a multiple-input mechanism. As might be anticipated, the forms 
of the  motion  transformations  obtainable  from  these  seven  mechanisms 
range f rom the  rather  simple  nearly  sine-shaped  form  to  extremely  intricate 
forms. The spectrum of transformations  offers  almost untold possible 
applications. With the  more  complex  forms, a great deal more study seems 
necessary  before a real  appreciation  and  widespread  application  is  to  be 
expected. 
The  pagination  provides a c ros s  linking  between  the  graphical 
presentation and the underlying theory. F o r  example, Plate 3-6 is the 6 
graph  presented  for  Mechanism #3. The  theoretical  information  for  this 
particular  mechanism  can  be found in  the  section of this  work  under  the  pages 
3- 1, 3- 2, et  cetera. 
th 
The  several  mechanisms  may  be  considered  singly so  that   there   is  
no reason  to  begin  reading  at  Mechanism #1 if it appears  that  Mechanism #4 
is  one  suitable  for  your  needs. 
One general  observation  applies  to all of the  mechanisms.  As a 
means of minimizing  the  number of identifiers on the  f igures   le t ters   are  
used fo r  both  identification of a link and  the  length of a link.  For  example, 
the  input  link of Mechanism # 1  is   referred  to   as   l ink A  (whose  angular 
position  with  respect t o  the  ground  is  given by 8 in  Figure 0- 1)  and  the 
length of the  link  is  also  denoted by the  let ter A. Also, the sign convention 
for all of the  mechanisms is the  same with  the  direction of positive  velocity 
and  positive  acceleration  being  the  same  as  that  for  the  indicated  displace- 
ment (positive). 
An example  in  calculating  the  velocity  and  acceleration of a mechanism 
may  be  instructive.  Suppose  that  one  wishes  to know the  greatest   l inear 
velocity of the  sl ider of Mechanism # 1  for  the  proportions  given on Plate  1- 1 
(A = 1.00, B = 4. 50, C = 4,50, et  cetera) with link A turning at a constant 
speed of 100 rpm.  Assume  that  the  link  lengths  are  given  in  the  units  inches. 
The  greatest  velocity  (largest  magnitude,  disregarding  sign)  may  be  calculated 
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Figure 0- 1 
by first noting  that  the  title  shows VEL. MIN = - 0 .  57. This is the  largest  
(in  magnitude)  value  that dY/d0 takes on. The  largest  positive  value  for 
the  velocity is also shown  on the  t i t le (VEL. MAX = 0.34) but  in  this  case 
the  magnitude of VEL. MIN is larger  than  that of the VEL. MAX. Using 
VEL. MIN in  Eq. 1- 2 
= - x 100 x (-0.57) TT 30 
= - 5.97 inches/second . 
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The  minus  sign  indicates  that  the  velocity is toward  the  left (when  looking  at 
Figure 0- 1). This maximum velocity occurs, scaling off of Plate  1 -  1 ,  at 
8 - 165 = 56. The complete graph has been shifted by the amount of 165 
degrees  (indicated by the  abscissa  title)  causing  the  maximum  displacement 
to  appear on the  graph at the  left  ordinate  intersect. So the maximum (in 
magnitude)  velocity  occurs at 
= 221 degrees.  
For  this  same  mechanism and  with  the  same  dimensions  (in  inches) 
of Plate 1-  1 ,  imagine  that  one  wishes to determine  the  maximum  positive 
acceleration of the  slider  (that  is,  the  maximum  acceleration of the  slider 
toward  the  right  as  pictured  in  Figure 0- 1) .  From  the  t i t le  of the  graph, 
ACC. MAX = 0. 65. The  position of this  maximum  positive  value of accel- 
ration  is at approximately 112 degrees on the  graph  (corresponding  to 
8 = 165 + 112 = 277 degrees).  This 0.65 is the maximum positive value of 
d2Y/d02. The maximum positive linear acceleration may be computed with 
Equation 1-4 as: 
= I0.651 [$ X 1001 2 
- inches 
7 1 . 3  second' 
Positive  acceleration  indicates  an  acceleration of the  slider  toward  the  right 
as pictured  in  Figure 0- 1. 
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MECHANISM # 1 
Figure 1- 1 
Figure 1- 1 defines Mechanism #l. It i s  a four-bar  mechanism  with 
a slider  linked to a coupler  point.  The  input  for  the  mechanism is the 
angular  position,  theta, of link A; the output is the  linear  position of the 
s l ider ,  Y. Upon specifying values for A through H, the output, Y, may be 
determined  for  any  value of the  input, 0.  The  dimensions E and F define  the 
1 1  coupler  point’’  for  the  four-bar  portion of this  mechanism. 
Each of the  graphs  for  this  mechanism  shows Y versus  8 as a solid 
line,  the  derivative of Y with  respect  to 0 versus  8, as a dashed line, and 
the  second  derivative of Y with  respect to 0 versus  8 as a se r i e s  of small 
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triangles. Each curve begins with the maximum displacement Y. This has 
been  accomplished by shifting  the 8 axis.  The  amount by which  each  curve 
has  been  shifted  is  indicated  (in  degrees) as par t  of the  abscissa  title.  The 
variable 8 is  presented  in  the  units  degrees.  The  zero  value  for  velocity 
occurs at the  beginning  point of each  velocity  curve  as  this  coincides  with  the 
maximum  displacement. 
Scales  have  not  been  presented  for  the  derivatives  but  each  graph 
heading  includes  the  maximum  and  minimum of both  the  velocity  and  accel- 
eration. The units for displacement, velocity, and acceleration will 
correspond to that chosen fo r  the quantities A, B, C et  cetera.  For 
example, if the  link  lengths  are  specified  in  inches  then  the  velocity, dY/de, 
will  be  in  the  unit  inches  per  radian. A more  conventional  engineering  unit 
for  velocity  may  be  obtained as: 
dY dY x - de 
dt de dt 
- =  -
in  which 
With this  modification Eq. 1- 1 may  be  rewritten: 
dY - IT X rpm X - dY inches dt 30 de ' second "  
Expressed  in  words,  Eq.  1-2  indicates  that  the  linear  velocity of the  sl ider 
(inches/  second) is obtained by multiplying  the  angular  speed of link A 
(revolutions per minute) by TT/ 30 and then multiplying this product by 
dY/de  (inches/  radian).  Values  far  this  latter  term  may  be  obtained  from a 
graph  (the  dashed  line),  or  the  extreme  values  may  be  obtained  from  the 
heading of a graph (VEL. MAX or  VEL. MIN), or from the equations which 
follow. 
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The  acceleration of the  slider  may  be  written: 
d2Y - d 
dt  dt 
- - d [z x :] 
dt 
d 
=[3] [:I2 + [ 3 [ 3  d2Y 
If the  angular  speed of link  A  remains  constant  then  the  angular  acceleration, 
d28/dt2, is zero. The expression for the linear acceleration of the  sl ider,  
with link A  turning  with  constant  speed,  simplifies  to: 
!- 30 rpm 1 29 inches s ec ond2 
Values  for  d2Y/de2  may  be  obtained  from a graph  ( the  series of small 
triangles),  or  the  extreme  values  may  be  obtained  from  the  heading of a 
graph (ACC. MAX or ACC. MIN), or  from  the  equations  which  follow. 
Referring  to  Figure 1-2 for  this  mechanism  the  equations  relating  the 
output, Y, to the input, 8, may be derived. The four-bar portion of this 
mechanism is defined by the links A, B, C, and D. Link D is considered as 
the  fixed  or  ground  link.  Projecting  this  part of the  mechanism  onto first a 
horizontal  line  and  then a vertical  line  will  yield: 
Bsin y = Csin +-Asin 8 (1- 6) 
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Figure 1- 2 
in which +, the  Greek  letter  phi,  defines  the  angular  position of link C. 
Squaring  each of these  equations  and  then  adding  the  resulting  equations 
together will produce: 
A' - B2 + C2 - 2AC cos (+ - 8) t D2 
+ 2D (Ccos 4 - Acos 8 )  = 0 .  (1-7) 
Using  the  Newton-Raphson' s method, $I may  be  solved f rom this  equation fo r  
given values of 8, A, By Cy and D. Note that + may be solved for in explicit 
form  instead of by a numerical  technique  from Eq. 1-7. 
Regardless of the  means,  once + is determined  the  values  for  sin y 
and cos y may be obtained from Eqs. 1 - 5  and 1-6. From Figure 1-2: 
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. . . ." 
K = G sin p 
J = Acos 8 + Ecos y - Fsin  y o  
And, also  from  the  f igure:  
G c o s p t H = A s i n O + E s i n y   + F c o s y .  (1-9) 
Eq. 1-9 contains  the  single unknown p which  may  be  determined  therefrom. 
This  in  turn  permits J and K to be  calculated  and Y determined as: 
Y = J + K  
= A cos 8 + E cos y - F sin y + G sin p .  (1- 10) 
The  several  graphs  for  this  mechanism  follow  from Eq. 1-10, Y 
versus  8 being  plotted as a solid  line. 
Linear Velocity 
By means of Eq. 1-2, the  linear  velocity of the  sl ider  may  be 
determined upon knowing  the  value of dY/ de. This   l a t te r   t e rm  may  be  
written by differentiating  Eq. 1-10 with respect  to 8 as: 
= - A  s i n 8  - E s i n y  * - F cos y du + G c o s p  3 . 
de de  de  de 
(1- 11) 
An expression  for  dy/de  may  be  obtained  from  the  second of Eq. 1-6 by 
differentiation  with  respect to 8 :  
B cos y = C cos + * - A cos e 
de  de 
or  
(1- 12) 
d0 B cos y 
This  equation  involves  d$/d0  which  may  be  obtained by differentiating  Eq. 1-7 
with  respect  to 0 producing: 
" d+ - A [C sin (+ - 0)  - D sin 01 
d0 C [A sin ($ - 0)  - D sin $1 
(1- 13) 
To  employ Eq. 1- 11 requires  an  expression  for df3/d0 which  may  be  arrived 
at by differentiating Eq. 1-9 with  respect  to 0: 
A cos 0 + (E cos y - F sin y ) * 
A f ? =  d0 (1- 14) 
d0 - G sin f 3  
With Eqs. 1-12, 1-13, and 1- 14 the expression for dY/dO, may be calculated. 
F r o m  Eq. 1- 11 and  in  turn Eq. 1-  2, the  value  for  the  linear  velocity of the 
slider  is  obtained.  The  dashed  line of each graph presents dY/d0 which may 
be  converted  into  the  more  common  unit of velocity by Eq. 1-2. 
Linear  Acceleration 
In order  to  determine  the  l inear  acceleration of the  slider  depicted  in 
Figure 1-  1, Eq. 1-4 indicates that d2Y/d0' must be known. This  term  may 
be evaluated by differentiating Eq. 1- 11 with respect t o  0. Doing so  yields: 
d2 
" d2Y - - A cos 0 - (E s i n y  + F cos y ) J  + (F s i n y  - E cos y )  
dez  de2 
+ G cos f 3  - G sin p 
de2 
(1-15) 
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To evaluate Eq. 1-15 requires knowledge of d2y/de2 and d2p /de2. The 
former  term  may  be  derived  from Eq. 1-12 by differentiation  with  respect 
to e: 
(1-16) 
By differentiating Eq. 1-14  with  respect to  8, the  following is produced: 
(1-17) 
These  last  two equations  in  addition to previously  derived  equations  permit 
d2Y/de2 to be  evaluated  in Eq. 1-15.  Curves of d2Y/de2 are   p resented  as a 
ser ies  of small  triangles  on  the  graphs for  this mechanism. Numerical 
values f o r  the  linear  acceleration of the  slider  may  be  determined  via Eq. 1-4. 
Of course,  Eq. 1-4 is based  on  the  assumption  that  the  angular  velocity of the 
input,  link A, is constant  and if this is not so, then Eq. 1-3 instead of Eq. 1-4 
must  be  used. 
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MECHANISM #2 
Figure 2- 1 
Figure 2- 1 defines Mechanism #2. It is a slider-crank  mechanism 
with  an  additional  slider  linked  to a coupler  point of the  basic  mechanism. 
The  input of the  mechanism  is  the  angular  position, 8, the  Greek  letter  theta, 
of link A; the output is the  linear  position of the  coupled  slider, Y. Upon 
speci€ying  numerical  values  for  the  the  lengths, A, through G, the  output, Y, 
may be determined  for  any  value of the  input, 8. 
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Each of the  graphs fo r  this  mechanism  shows Y versus  8 as a solid 
line,  the  derivative of Y with  respect  to 8 versus  8 a s  a dashed  line,  and 
the  second  derivative of Y with  respect  to 8 versus  8 a s  a se r i e s  of smal l  
triangles. Each curve begins with the maximum displacement Y. This has 
been  accomplished by shifting  the 8 axis.  The  amount by which  each  curve 
has been shifted is indicated (in degrees)   as   par t  of the  abscissa  title.  The 
variable 8 is presented  in  the  units  degrees.  The  zero  value  for  velocity 
occurs at the  beginning  point of each  velocity  curve  as  this  coincides  with 
the  maximum  displacement. 
Scales  have not been  presented  for  the  derivatives but each  graph 
heading  includes  the  maximum  and  minimum of both  the  velocity  and 
acceleration. The units for displacement, velocity, and acceleration will 
correspond to that chosen for the quantities A, B, Cy et cetera. For example 
if the link lengths  are  specified  in  inches  then  the  velocity, dY/ de,  will  be  in 
inches  per  radian. A more  conventional  engineering  unit  for  velocity  may  be 
obtained  as: 
dY - dY de " - x  -
dt de  
in  which 
de = rpm X 2rr X - 
dt 60 
1 - e) 
sec  min  rev  sec 
With this  modification Eq. 2- 1 may  be  rewritten: 
dY - IT inches 
dt 30 de second 
X rpm X - , dY -" ( 2 -   2 )  
" . 
Expressed  in  words,  Eq. 2-2  indicates  that  the  velocity of the  sl ider  ( inched 
second) is obtained by multiplying  the  angular  speed of link A (revolutions 
per  minute) by r/ 30 and  then  multiplying  this  product  by dY/ de (inches/ 
radian).  Values  for  this  latter  term  may  be  obtained  from  the  heading of a 
2- 2 
graph (VEL. MAX or VEL. MIN). 
The  acceleration of the  slider  may  be  written: 
d2Y - d 
dt  dt 
"- 
If the  angular  speed of link A remains  constant  then  the  angular  acceleration 
of link A, dZ e/ dt2, is zero.  The  expression  for  the  linear  acceleration of 
the  slider, Eq. 2-3 ,  with link A turning with constant speed simplifies to 
2 inches 
second' 
Values  for d2Y/ de' may  be  obtained  from a graph  (the  series of small  
triangles)  or  the  extreme  values  may  be  obtained  from  the  heading of a 
graph (ACC. MAX or  ACC. MIN). 
Referring  to  Fig. 2-2  the  equations  relating  the  output  to  the  input 
may  be  derived.  Looking at the  basic  slider-crank  mechanism  defined by 
the links A, B, and C, as projected onto a vertical line: 
A sin 8 = B sin y t C. (2- 5) 
2- 3 
Y 
Figure 2-2  
Looking at the  complete  mechanism  as  projected  onto a horizontal  line 
A c o s 0 t D c o s y   + F s i n p   t E s i n y   = G  (2- 6) 
Given values for A, B, and C and  for a specific  value, 8, the  angle y may be 
determined  from Eq. 2-5. Wi th  all of the  link  lengths  specified  and knowing 
y then the angle /3 can be calculated from Eq. 2-6. With this information, 
the output, Y, can be written as: . 
Y = A s i n 0 t E c o s y   - D s i n y   + F c o s p .  (2- 7) 
2- 4 
Linear  Velocity 
The  linear  velocity of the  slider,  that  has  been  linked t o  a basic 
slider-crank  mechanism,  may  be  determined by differentiating Eq. 2-7 
with respect   to  8 and  then  substituting  this  expression  into Eq. 2-2. 
Performing  the  differentiation  produces: 
The  value of dy/ de  may  be  determined by differentiating Eq. 2-5  with  respect 
to  8 as: 
A cos 8 = B cos y * 
de 
or  
Differentiating Eq. 2-6 with  respect  to 8 and  transposing  will  yield: 
-dy 9 - A sin 8 + (D sin y - E COS y )  d8 
de 
- 
F cos p 
(2- 10) 
With Eqs. 2-9 and 2- 10 the  expression f o r  the  velocity, Eq. 2- 8, may  be 
evaluated. This with Eq. 2-2 determines the linear velocity of the linked 
slider.  
2- 5 
Linear  Acceleration 
The  linear  acceleration of the  slider  may  be  determined,  once 
dZY/ de2 is known, by means of Eq. 2-4. Differentiating Eq. 2- 8 with 
respect t o  0 will  result in: 
- (E COS y - D sin y ) [z]' - F c o s p [ 2 ] 2  
- F s i n p  -. dZP 
dez 
(2- 11) 
The  terms  that   are  known in this equation include A, D, E, F, and appropriate 
values  for 0. Also, y , dy/ de, and dp/ d0 may be calculated by equations 
previously noted. Two terms remain t o  be determined. One of these may 
be obtained by differentiating Eq. 2-9 with respect t o  0: 
de' B cos  y 
(2- 12) 
Eq. 2-10 may  be  differentiated  with  respect t o  8 to  yield: 
(2- 13) 
To evaluate  Eq. 2- 13  requires  the  value of d2y/ de2 and  this  may  be  obtained 
f rom Eq. 2- 12. With the  equations  developed  the  expression for  dZY/ de2  as 
given by Eq. 2- 11 may  be  evaluated.  The  linear  acceleration of the  sl ider,  
d2Y/ dt2  may  in  turn  be  evaluated  using  Eq.  2-4.  The  curves  given by the 
se r i e s  of small triangles  depict  d2Y/dez fo r  several  selections of the 
dimensions  which  define  this  Mechanism #2. 
2- 6 
-0 
"I 
D 
m 
r 
A= 9.00, B= 6.00, C= 1.00, D= 7.00, 
E= 9.001 F=13.00, G= 5.00, 
VEL.MAX= 2.32, VEL.MIN= -1.85, ACC.MAX= 6.30, F\CC.MIN= -5.06, 
PE&# TO PEAK DISPLACEMENT = 1.79 
-u 
D 
-1 
m 
N 
N 
r 
I 
THETA - 170 
-0 
D 
-i 
m 
r 
A= 1.001 E= 7.00, C= 3,001 D= 2.001 
E= 3.001 F=15.00, G= 5.001 
VEL.MRX= 1.12,  VEL.MIN=  -1.171 ACC.MRX= 1.2q1 ACC.MIN= -1.07. 
!? 
0 PERK TO PEAK DISPLACEMENT = 2.29 
000 
THETR - 75 
R= 2.001 B= 9.00, C= '4.00, D= 5.00, 
E= 3.00, F=11.00, G= 6.00, 
VEL.MRX= 1.5%, VEL.MIN= -1.86, RCC.MRX= 2.21, RCC.MIN= -1.58, 
PERK TO PERK DISPLRCEMENT = 3.90 
CODE: I 
DISPL. 
VEL. 
THETR - 80 
I 
a a 
W 
n 
7) 
D 
m 
"I 
r 2- 
I- 
THETR - 115 
! 
i 

THETFl - 110 
0 s - PERK TO PERK  DISPLACEMENT = 9.25 - 
z - 
- 
- 
I" z 
- 
l-4- 
- 
I, 
A 
- 
.-I 0.000 
roloob I I I I I I I I I I I I I I 
80.000 320.000 160.000 200.000 2UO. 000 280.000 320.000 360.000 
~ l l I ~ l t l ( l l l J I I I ,  
THETR - 70 
VEL. MAX = 
A= LOO, B= 8.00, c= 0. oap D= 6,009 
E= 3.00, F=13.00, C =  ‘ 4 V O 0 ,  
‘4.00, VEL.MIN= ‘3.229 ACC.MAX= S e L f ’ i p  QCC.MTOV= 0.8’4n 
PEAK TO PEAK DISPLACEMENT = ‘4.56 
A ., I-\ \ 
THETA - 125 
I 
! 
73 
D 
"I 
m 
r 
Iu 
I - 
P 
0 -I \ P A 
\ 
-
A 
A A /-  
A 
A 
, 1 1 1  1 1 1  1 1 1  1 . 1  1 1 1 1 1 1 1 1 1 1 1  
"0.000 LJO. om 80.000 120.000 160.000 2 0 0 . 0 ~  2~0.000 280.m 320.000 3~0.000 
THETR - 85 

"3 
VEL . MAX= 
PERK TI1 PERK 
A 
A 
DISPLACEMENT = 5.11 
A 
& 
A 
THETA - 70 
THETA - 100 
! 
R= 3.00, B= 9.001 C= '4.00, D= '4.00, 
E= 2.00, F= '4.00, G= 3.001 
VEL.MRX= 2.53, VEL.MIN= -3.97, RCC.MRX= 6.98, RCC.MIN= "4.13, 
8 
00 PERK  TCI  PERK DISPLRCEMENT = 5. q9 
6- .A - 
A - A - 
A 
A 
* -  
A 
A 
d 
- 
A 
- 
A -  
& Ad 
l l i [ l l i  I l i ~ l i l ~ i i ~ ( i i i ( i l l ~ i i l ~ i i i  
0. 000 90.000 80.000 120.000 160.000 200.000 2W.000 280.000 320.000 360. 
THETR - 100 
000 
THETFl - 85 
R= 7.00, k12.00, C= 3.00, D= 8.00, 
E= 3.00, F 4 7 .  00, G= 'i.00, 
VEL.MRX= '4.26, VEL.MIN= -3.55. RCC. MAX= 6.08, RCC.MIN= "4.95, 
2 
n PEAK  TCI  PEAK DISPLACEMENT = 5.82 
n 
A b  
A - 
A 
b A . A . A "  
1 1 1 1 1 1 1  
0.000 %3.000 80.000 120.000 360.000 200.000 2r10.000 280.000 320.000 360.000 
THETR - 115 
-a 
D 
I 
m 
N 
N 
r 
I 
- 
CODE: 
DISPL. 
A A A  
ACC. 
A 
A 
A 
& 
THETR - 250 ' 
A= 6.00, B=12.00, C= 5.00, D= 7.00, 
E= 2.00, F=16.00, G= 3.00, 
VEL.  MAX= 3.80, VEL.  MIN= -3.559 ACC. MAX= 9.80, ACC.MIN= -9.87, 
PEAK Til PEAK DISPLACEMENT = 6.12 
D 
D 
"I 
m 
r 
A 
4 
A 
A 
A 
1 
A 
/ 
A 
A 
A 
A 
A 
A 
A 
A 
A 
160: ooo zoo: ooo ZYO: ooo neo: ooo 
THETA - 110 
360: 000 
-0 
I- 
E- PERK TO PERK  DISPLRCEMENT = 6 . E  
c3 CODE: 
N ,  
8 -  1 ;  DISPL. A & &  
.-( & A A A A A  ACC. 
F L  A 
- A A 
A 
- 
- 
- 
A 
- 
& 
"'0.000 Lfo. 000 ao.ooo 120.000 160.000 200.000 2~f0.000 2~0.000 ~2o.000 3~0.000 
I " "  I " ' I " *  ( l I l ( I I I l l l f - ~  
THETR - 100 
D 
D 
"I m 
N 
N 
P 
r 
I 
/ & A / '\ 3
R= ‘4.00, B=12.00, C= ‘4.00, D= 3.00, 
E= 3.00,  F=13.00, G= 3.001 
VEL.MRX= 3.10, VEL.MIN= “4.03, RCC.MRX= 3.75,  RCC.MIN= “4.29, 
PERK TO PERK DISPLRCEMENT = 7.18 
D 
D 
l 
rn 
N 
N 
0 
r 
I 
I 
THETA - 105 
n 
0 
THETR - 85 
THETA - 95 
A= 6.00, B= 7.00, C= O,OO, D= 8.00, 
E= 3.00s F=12.00, G= 3.00, 
VEL. MRX= 5.92, VEL. MIN= -8. '43, RCC. MAX= 30. '46, RCC. MIN=-10.90, 
0 
0 m PERK TO PERK DISPLACEMENT = 8.18 
V 
D 
I 
rn 
r 
w 
0 
THETR - 195 
I 
I 
i 
THETA - 70 
I 
-0 
D 
-I 
m 
r 
THETR - 85 

I 
THETR - 75 
THETR - 95 

MECHANISM #3 
I Ty c 
Figure 3- 1 
Figure 3- 1 defines Mechanism #3. It is a multiple input mechanism 
in  that  two  input  angles  must  be  prescribed  and  they  in  turn  define  one  output 
linear quantity. The input angles 8 and 4 (the  Greek  letters  theta  and  phi) 
are the angular positions of links B and G, respectively. The output variable 
is given as Y and  describes  the  location of the  sl ider.  
In the  graphs  for  this  mechanism  the  two  inputs  have  been  related  by 
the equation: 
This  kind of relationship may be obtained  physically  by  the  use of gears   in  
which N defines  the  ratio of the s izes  of the  gears.  Note  that N may  be 
3- 1 
positive  or  negative--a  positive  value  for N indicates  that  links B and G 
rotate  in  the same direction  while a negative  value  for N indicates  rotation 
in opposite directions. For 8 = 0, Eq. 3- 1 yields (p = PHIO. In words, 
PHIO is the  initial  phase  angle  between  the  two  input  angles 8 and (p. Note 
that N and PHIO as well as A, B, C, D, E, F, G, H, and J are required 
for defining the mechanism: numerical values of each  are  given as part  
of the  heading  for  every  graph. 
Each  graph  shows Y versus  8 as a solid  line,  the  derivative of Y with 
respect   to  0 versus  8 as a dashed  line,  and  the  second  derivative of Y with 
respect   to  0 versus 8 as a se r i e s  of small triangles. Each curve begins with 
the  maximum  displacement Y. This  has  been  accomplished by shifting the 0 
axis. The amount by which each curve has been shifted is indicated (in 
degrees)  as par t  of the  abscissa title. The  variable 8 is presented  in  the  units 
degrees.  The  zero  value  for  velocity  occurs at the beginning point of each 
velocity  curve  as  this  coincides  with  the  maximum  displacement. 
Scales  have  not  been  presented  for  the  derivatives, but each  graph 
heading  includes  both  the  maximum  and  minimum of the  velocity  and 
acceleration so that scales could be constructed i f  desired. The units for 
displacement,  velocity,  and  acceleration  will  correspond  to  that  chosen  for 
the quantities A, B, C, et cetera. For example, i f  the l ink lengths are 
specified in inches, then the velocity, dY/ de, will be in inches per radian. 
A more  conventional  engineering  unit  for  velocity  may  be  obtained as: 
in  which 
de 1 - = r p m X  2~ X - ,  
dt 60 
r e v  x & x - 
sec   min   rev   sec  
With this  modification Eq. 3 - 2  may  be  written: 
dY TT dY 
dt 30 de 
” - - X rpm X’  -, inches 
second 
(3- 3) 
3 -  2 
In words,  the  velocity of 
the  angular  speed of link 
the  slider  (inches/  second) is obtained  by  multiplying 
B (rpm) by T /  30 and then multiplying this product 
by dY/ de  (inches/  radian).  Values  for  this  latter  term may be  obtained  from 
a graph  (the  dashed  line)  or  from  the  heading of a graph (VEL. MAX o r  
VEL. MIN) for  Mechanism # 3 .  
The  acceleration of the  slider  may  be  written: 
d2Y - d r d Y ]  "  I - -  
dt2  dt dt j 
- d dY - -  1 "  
dt i- de x "I dt 
If the  angular  speed of link B remains  constant  (likewise  for  link G as the 
two are   re la ted  by Eq. 3 -  1 )  then  the  angular  acceleration of link B, d20/ dt', 
is zero. The expression for the linear acceleration of the slider with link 
B turning  with  constant  speed  simplifies  to: 
2 
dt ' 
The   t e rm d2Y/ de2  may  be  obtained  from a graph  ( the  series of small tr iangles),  
or  from  the  heading of a graph (ACC. MAX or  ACC. MIN), or  from  equations 
which  follow. 
Referr ing  to   Figure 3- 1 the  equations  relating  the  output  to  the  inputs 
for  this mechanism may be derived. Looking at the  basic  f ive-bar  mechanism, 
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links A, By Cy D, and G, as projected onto a vertical line: 
B s in  0 t C s i n a  = G sin (IT - 4) t D sin (IT - p ) .  
This  may  be  rewritten as 
C sin CY - D sin p = G sin 9 - B sin 0 
= K  ( 3 -  5) 
in  which K is written  for  convenience  in  the  manipulations  which  follow. 
Looking at projections  onto a horizontal  line,  the  five-bar  portion of the 
mechanism  gives 
B cos 0 t C COS CY t D COS (IT - p )  t G cos (IT - 4) = A 
which  may  be  transposed  to 
= L  ( 3 -   6 )  
in which L is employed for abbreviation. Eqs. 3- 5 and 3 - 6  may be rewritten 
as 
C sin a = K t D sin p 
C cos CY = L t D cos p 
each of which may  be  squared  and  then  added  together  forming 
C 2 = K 2 t 2 D K s i n P  t D 2 t L 2 t 2 D L c o s p .  
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Regrouping  this  equation 
= M. (3- 7) 
Note that  with a given  value  for 9, which, via Eq. 3- 1 determines a value  for 
$, and  with  the  link  lengths of the  mechanism  specified, K, L, and M may  be 
calculated (using Eqs. 3- 5 and 3-6) .  With K ,  L, and M determined, the only 
unknown in Eq. 7 is p which may be solved by different procedures. One 
procedure  that  has  been  employed  satisfactorily is the  Newton-Raphson 
method. 
Knowing p , attention  may  be  directed  to  that  portion of the  mechanism 
composed of links D, F, G, and H. The projection onto a vertical line 
reveals 
J + H sin (IT - y )  = G sin @ + (D - E) s in  fl  - F COS p 
and  this  may  be  solved as 
sin y = G sin + t (D - E) sin /3 - F cos p - J 
H 
= P.  (3 -  8) 
With Eq. 3- 8, y may be calculated. The projection onto a horizontal line 
will  yield 
F sin p + H cos (IT - y )  = G COS (IT - +) + (D - E) (IT - p) t x. 
The  variable  that  defines  the  position of the  slider is Y and,  noting  the 
Figure 3- 1 of the  mechanism,  may  be  written 
Y = A + X  (3- 9 )  
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in  which 
X = F sin p - H cos y t G cos (p t (D - E) cos /3 . 
Linear  Velocity 
The  velocity of the  sl ider  may  be  determined as the  derivative of 
Eq. 3-9. Remembering that A is the center-to-center distance of the pivots 
of B and G and is a constant, 
dY - dX 
de  de 
"
= F cos p %! + H sin y * - G sin + - - (D - E)sin/3 d+ * 
de  de  de  de. 
(3- 10) 
The  derivatives of + with  respect  to 8 may  be  obtained from Eq. 3-1 as: 
and 
( 3 -  11) 
Some manipulations are required to obtain the terms in Eq. 3- 10. Taking 
the  derivative of Eq. 3-7 with respect   to  8 results  in: 
- L  s in  p * + cos p - dL t K cos p * t sin p - dK 
de  de  de  de 
- 1  - dK 
2D - de dL1 e t K " k 2 L  - " ( 3 -  12)  
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From  Eqs.  3-5  and 3-  6 :  
dK . 
de  de 
“- G COS + - ’@ - B cos 0 
dL  d+ 
de  de 
” - B s i n e - G s i n @ -  . 
Rearranging  Eq. 3- 12 the  following  may  be  obtained: 
de K cos /3 - L sin p 
Differentiating Eq. 3 - 8  with  respect  to 0 and dividing by cos y yields: 
(3- 13) 
(3- 14) 
(3- 15) 
The  Eqs. 3 -  1 1  through 3- 1 6  may  be  substituted  into Eq. 3- 10 to  determine 
the  velocity dY/ de.  This  value  may  be  substituted  into Eq. 3- 3 to  obtain  the 
linear  velocity dY/ dt. 
Linear  Acceleration 
The  acceleration of the  sl ider  may  be  determined as the  derivative 
of the  velocity, as given by Eq. 3- 10, with  respect  to 0, 
d2Y 
de‘ de2  de2 1 ‘“I‘ de ” - F c o s p  &@ - F s i n p  t H s i n y   + H c o s y !  
I 
If Eq. 3-15 is multiplied by the  denominator of the  right-hand  side  followed 
by  taking  the  derivative of the  resulting  equation  with  respect  to 0,  and  the 
terms  collected,  appropriately,  the  following  equation  may  be  obtained: 
1 ] { [ $ I 2  (Lcosp  t K s i n P )  
K cos p - L sin0 
The  appropriate  second  derivatives  may  be  determined  from Eqs. 3-13  and 
3-14. 
- d2L = B cos 0 - G COS + 
de2 L df3 
Eq. 3-8 may be differentiated to: 
cos y 9 = - dP 
de  de 
and  differentiating  again  to: 
in w hi ch 
- 1 G c o s + ~ t ( D - E ) c o s p  * t F sin p c df3 H de df3 “I d0 
(3-19) 
(3-20) 
(3-21) 
(3-22) 
(3-23) 
3-8 
and 
Eq. 3-22 may be rewri t ten  as  
( 3  -24) 
(3-25)  
With the  equations  that  have  been  developed  the  acceleration,  d2Y/de2,  as 
given by Eq. 3-17 may be evaluated. The linear acceleration of the slider 
may  be  determined  using  the  above  equations  with Eq. 3-4. 
The  number .of variations  using  this  mechanism  exceed  the  imagination. 
If N is an  irrational  number,  the  mechanism wi l l  not be  cyclic.  Even  with N, 
an  integer,  the  milltiplicity of possible  motion  transformations  is  difficult to 
imagine. Getting a "feeling" for this mechanism is a real challenge. 
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MECHANISM #4 
. . . . . . . . . . . . 
I 
Figure 4- 1 
Figure 4- 1 defines Mechanism #4. It is a multiple input mechanism 
in  that  two  input  angles  must  be  prescribed;  they  in  turn  define  one  angular 
quantity, the output. The input angles 8 and (theta and phi) identify the 
angular positions of links B and G, respectively. The output variable psi, 
+ defines  the  angular  position of link J. 
In the  graphs  for  this  mechanism  the  two  input  angles  have  been 
related  by  the  equation: 
+ = N X  e +PHIO (4- 1 )  
This  kind of relationship  may  be  obtained  physically by the  use of suitable 
gearing. In this equation N may  be  positive  or  negative--a  positive  value 
for N indicates  that  the links B and G rotate  in  the  same  direction  while a 
negative value for N indicates rotation in opposite direction. In Eq. 4- 1 if  
4- 1 
8 = 0 then $ = PHIO . Or in words, PHIO is the initial phase angle between 
the two input angles 8 and +. The complete specification for the mechanism 
requires values for N and PHIO as well as A, B, C, et cetera. Values for 
these  variables  are  given as par t  of the  heading  for  every  graph. 
Each  graph  shows + with  respect  to 8 (PSI  vs.  THETA) as a solid 
line,  the  derivative of $ with  respect  to 8 versus  8 as a dashed  line,  and 
the  second  derivative of $ with  respect  to 8 versus  8 as-a  se r i e s  of small 
triangles.  Each  curve  begins  with  the  maximum  angular  displacement of 
+. This has been accomplished by shifting the 8 axis. The amount by which 
each  curve  has  been  shifted is indicated  (in  degrees) as par t  of the  abscissa  
title. The variables 8 and + are presented in the units degrees.  The zero 
value  for  velocity  occurs at the  beginning  point of each  velocity  curve as 
this  coincides  with  the maximum displacement. 
Scales  have  not  been  presented  for  the  derivatives  but  each  graph 
heading  includes  the  maximum  and  minimum  for  both  the  angular  velocity, 
d+/ de, and the angular acceleration, d2+/ de2. From these data scales may 
be established i f  so desired.  As  the  input  and  output  variables  are  angles 
the overall  size of the mechanism is unimportant. The link lengths A, B, 
C, and so for th   are   presented as integers, though this need not be, and so 
long as all of the link lengths are changed  by  the same proportion  the  angular 
relationships  for  the  mechanism  will  remain  unchanged. 
For  the  velocity d+/ de  the  units  are  radians  per  radian  and  for  the 
acceleration the units are radians per radian squared. A more applicable 
engineering  unit  for  the  angular  velocity  may  be  deduced: 
dt  de  dt 
- - X  r p m X 2 r X  - 
de 60 
- d+ 1 
("- rad - rad x rev x rad x min 
sec rad  min  rev -1 sec  
4- 2 
This  equation  may  be  rewritten as 
In words,  Eq. 4-2 states,  that  the  angular  velocity of link J (radians/  second) 
equals  the  product of IT/ 30 times  the  angular  speed  (revolutions  per  minutes) 
of link B and d+/ de  (radians  per  radian).  The  value  for d+/ de  may  be 
obtained  from  the  graph  as  the  dashed  line  or  the  extreme  values  may  be 
obtained  from  the  heading of the  graph  as  VEL. MAX o r  VEL. MIN. 
The  angular  acceleration of link J may  be  derived  as: 
For  the  special   case of the  angular  velocity of link B turning  with  constant 
speed, d28/ dt' = 0 and,  similar  to  the  derivation of Eq. 4- 2 ,  the  expression 
for the angular acceleration, Eq. 4 - 3 ,  may be simplified to: 
= [$ x rpm 3 ' - d2+ 
dt ' de' 
radians - radians' x radians 
second' second' radian' 
- (4- 4) 
Values  for d'+/ dez  may  be  determined  from  the  series of small   tr iangles 
for  each  graph  or  the  extreme  values  may  be  read  from  the  graph  title  as 
ACC. MAX or  ACC. MIN. 
Referring  to  Figure  4-1  for  this  mechanism  the  equations  relating 
the output to the inputs may be derived. Looking at   the  basic  f ive-bar 
mechanism  as  projected  onto a vertical  line: 
B sin 8 t C sincr = G sin (IT - +) + D sin (IT - 0 ) .  
4- 3 
I 
This  may  be  rewritten as 
C sin CY - D sin p = G sin + - B sin 0 
= Q  (4- 5) 
in  which Q is written  for  convenience  for  the  manipulations  which  follow. 
Looking at projections  onto a horizontal  line  the  five-bar  portion of the 
mechanism  yields 
B C O S  8 t C cos CY + D cos (TT - p )  t G cos (TT - +) = A 
which  may  be  transposed  to 
C cos CY - D cos = A - B cos 0 t G C O S  C) 
= L  (4- 6 )  
in which L is an  abbreviation.  Eqs. 4- 5 and 4- 6 may  be  rewrit ten as 
C sin CY = Q t D sin p 
C cos  CY = L t D cos p 
each of which  may  be  squared  and  then  the  resulting  equations  summed  to 
fo rm 
C2 = Q2 t 2 DQ s inp  t D2 t L' + 2 DL COS p . 
Regrouping, this equation becomes 
L cos p t Q sin p = C2 - D2 - Q2 - L2 1 / (2D) [ J 
= M. (4- 7) 
4- 4 
Note  that  with a given  value  for 8 (which  implies a value  for + via Eq. 4- 1 )  
and for specified values for the link lengths, Q, L, and M may be calculated 
using Eqs. 4- 5 and 4- 6. This  in  turn  means  that  the  only  unknown  in Eq. 
4-7 is p . The value for p may be determined by different procedures; the 
Newton-  Raphson  method  has  been  quite  satisfactory. 
Knowing /3 , the  remaining  portion of the  mechanism  may  be  considered. 
Looking  again at projections  onto a vertical  line  will  reveal: 
J sin + + H sin ( T T  - y )  = G sin 9 t (D - E) sin p - F cos p 
which  may  be  rewritten as: 
H sin y = V - J sin 
in  which 
V = G sin @ + (D - E) sin p - F cos p .  
Similarly,  projection  onto a horizontal  line  will  produce: 
H COS y = U - J COS t j ~  
(4- 9 )  
(4- 10) 
in  which 
U = G cos @ t (D - E) cos p + F s i n p  - K (4- 1 1 )  
Squaring  Eqs. 4- 8 and 4- 10 and  summing  the  resulting  equations  will 
eliminate y and  yield  an  equation  in  the  single unknown +: 
H~ = u2 t v2 t J~ - 2 J V  s in  + - 2 JU COS +. (4- 12) 
Let 
W = (U2 + V2 + J2 - H2)/ (2J) , 
4- 5 
then  Eq. 4- 12 may be written 
~ U cos + + V sin + = W .  (4- 13) 
F r o m  this equation may be solved +. The  Newton-Raphson  method  has  been 
quite satisfactory for calculating + f rom Eq. 4- 13. The graphs with the 
solid lined curves have been obtained using Eq. 4- 13. They depict $ as a 
function of 8 for  the  particular  mechanism  which is defined  by  the  link 
lengths  given  in  the  graph  title.  Both + and 8 are presented  in  the  units of 
degrees  and 8 has  been  shifted (by the  amount  indicated  by  the  abscissa 
t i t le,   in  degrees) so that  the  graph  begins  with  the  maximum  value  for +, 
Angular Velocity 
The  angular  velocity of the  output  link, J, may  be  determined by 
taking the derivative of Eq. 4- 13  with  respect  to 8. This will yield: 
- U  sin + dJ1 t c o s +  -t v c o s +  - t sin+- - - - dU d+ dV - U dU V dV 
de  de de J de J de de 
t”. 
From  this  may  be  solved 
de 
V cos + - U sin tj~ 
In this  equation  dU/de  and dV/dO a r e  not  known  but may  be  determined. 
By differentiating Eq. 4- 11 with respect  to 8 the  following  results: 
dU -= -  G s i n +  - - (D - E) s i n p  - t F c o s p  - 
de  de de de 
d+ dP dp . (4-15) 
An expression  for dP/ de  may  be  obtained  by  differentiating  Eq.  4-7  with 
4- 6 
respec t   to  8 as: 
r 1 r 7 
de Q cos  p - L sin 
From  Eqs .  4- 5 and 4- 6 ,  by differentiation  with  respect  to 8, one  may 
obtain: 
G = ~ s i n e - ~ s i n + - .  d+ 
de  de 
And f rom Eq. 4- 1: 
(4- 16) 
(4- 17) 
(4- 18) 
Differentiating Eq. 4-9  with  respect  to 8 yields: 
-- = G cos + -- + (D - E) cos p -- t F sin p - dV d+ dP 
de de de  de 
de . (4- 19) 
With Eq. 4- 14 and those following it, d+/ de may be evaluated. Values have 
been  plotted as the  dashed  lines on the  graphs  which  follow. One may  think 
of d+/de as being  in  the  units of radians  per  radian  or  just  as correctly  in 
the  units of degrees  per  degree.   As d$/de involves a rat io  of identical units, 
the choice of units is immaterial .  With Eq. 4-2 and those equations just 
cited,  the  angular  velocity of link J, d$/dt, may  be  obtained  in  the  form of 
the  more  conventional  engineering  units. 
4- 7 
Angular  Acceleration 
The  angular  acceleration of the  output  link J may  be  obtained by the 
differentiation of Eq. 4- 14  to  produce: 
- cos + “1 d2U t -1” - cos+] t- I - - t s in+  dU r 1 dU 
de  de2 1 J de 1 J de 
(4- 20) 
F r o m  Eq. 4- 15  may  be  derived: 
t F c o s p  - -  d2P F s i n p  
de2 
(4- 21)  
And from  Eq.  4-19  may  be  derived: 
t F sin p - d2P t F cos p I---, @ I 2  . (4- 22)  
de2 
Eq.  4-16  may  be  differentiated  with  respect  to 8 to  afford: 
4- 8 
" = { [ z ] ' ( L c o s p   d e 2   t Q s i n p ) - -  
F r o m  Eq. 4- 17 may  be  determined: 
" d2Q - - G sin + [$I2 + B  sin 8 
de2 
The expression for d2+/de2, as given by Eq. 4 -20  and the several equations 
following it, has  been  presented  for  several  mechanisms as the  ser ies  of 
small   tr iangles on the graphs for this Mechanism #4. This expression with 
Eq. 4-4  affords  the  means  for  calculating  the  angular  acceleration of the 
output link 5, d2+/dt2, in the usual engineering set of units. 
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MECHANISM #5  
Figure 5- 1 
Figure 5- 1 defines  Mechanism #5  for which 0,  the  Greek  letter  theta,  
is considered  as  the input to  the  mechanism  and 9, phi, is considered as the 
output from  the  mechanism.  Each  link of the  mechanism is identified by a 
capital  letter  which is also  used  for  specifying  the  length of the link. Length 
5- 1 
I 
E is par t  of link C being  attached  such  that  the  length E is perpendicular  to 
the  length C at a distance K from  the  one end. K could  be  negative  in  which 
case it would be  generally  to  the left of the  joint  between  links B and C in  the 
position  given by Figure 5- 1 .  The link lengths are noted as par t  of the title 
on each of the  graphs  which  follow. 
Each of the  graphs  for  this  mechanism  shows + versus  8 as a solid 
line,  the  derivative of + with  respect  to 8 versus  8 as a dashed  line,  and 
the  second  derivative of + with respec t   to  8 versus  8 as a series of small 
triangles. Each curve begins with the maximum displacement of 9. This 
has been accomplished by shifting the 8 axis. The amount by which each 
curve  has  been  shifted is indicated  (in  degrees) as par t  of the  abscissa  title. 
Both variables,  8 and +, a r e  given  in  the  units of degrees  on  each  graph. 
The  zero  value  for  velocity  occurs at the  beginning  point of each  velocity 
curve as this  coincides  with  the  maximum  displacement. 
Scales  for  the  derivatives  have not been  presented  but  each  graph 
heading  includes  the  maximum  and  minimum  for  both  the  velocity  and 
acceleration,  that is, for  both  the first and  second  derivative of 4 with 
respec t   to  8. From  these  data  scales  for  the  derivatives  may  be  constructed.  
The  units  for  the  derivatives  will  be  radians  per  radian  for d+/ de  and  radians 
per radian squared for d2$/de2. A more conventional engineering unit for 
angular  velocity  may  be  obtained as: 
- d + =  5 9  x - de c 1 radians - radians x radians second radian  second dt  de  dt - 
(5- 1 ) 
in  which 
1 radians - rev  X radians x minute 
second  minute  rev  seconds
" rpm X   IT X - 
dt 60 1 
Substituting Eq. 5-2 into Eq. 5-1 produces: 
5- 2 
radians 
second * (5- 3) 
In words,  the  angular  velocity of link B (degrees/  second) is obtained as the 
product of TT/ 30 t imes  the angular speed of link G (revolutions/  minute)  and 
d+/ de  (radians/  radian).  Values  for  this  latter term may  be  obtained  from 
a graph  (the  dashed  line)  or  from  equations  which  follow,  or  the  extreme 
values  may  be  obtained  from  the  heading of a graph as VEL. MAX and 
VEL. MIN. 
The  angular  acceleration of link B may  be  given  in  more  conventional 
engineering  terms as: 
dt  dt "3 dt 
If the  angular  speed of link G remains  constant  then d28/ dt2  equals  zero.  The 
expression  for  the  angular  acceleration of the  output  link  with  the  input link 
turning  with  constant  speed  simplifies  to: 
- d2+ 
- dez [$ 
2 radians 
second' 
(5-  5) 
The   te rm d2+/ de2  may  be  obtained  from a graph  (the  series of small  
triangles),  or  from  equations  which  follow,  or  the  extreme  values  may  be 
noted  in  the  heading of a graph as ACC. MAX and ACC. MIN. 
Referring  to  the  f igure  for  this  mechanism  the  equations  relating 
the output to the input may be derived. Considering links A, B, C, and D: 
5- 3 
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B cos (p t C cos a f D cos y = A 
e 
B sin + - C s i n a  t D sin y = 0 .  
Solving for D cos y and D sin y ,  squaring these equations, and adding the 
resulting  equations  together  will  yield: 
DZ = A 2 t B 2 t C 2  - 2 A B c o s +  - 2 BC s i n + s i n a  - 2 C   ( A -   B c o s + ) c o s a .  
(5- 7) 
Another  equation  involving Q and + is needed  and  may  be  obtained  by  again 
referring  to  the  figure  for  the  mechanism  from  which  may  be  noted: 
J = B cos 9 t K c o s a  - E  sin a- F s i n p   t G   s i n  8
H = - B s i n +   t K s i n c r  + E c o s ~  t F c o s p  - Gcos8 .  (5- 8) 
From these equations may be solved F sin p and F cos p . These resulting 
expressions  may  then  be  squared  and  added  together  to  form: 
M2 t N2 t K2 t E' - F t  = 2 (ME t NK) s in  Q t 2 (NE - MK) cos CY 
2 (ME t NK) sin Q t 2 (NE - MK) cos a (5- 9 )  
in  which 
M = B c o s + t G s i n O -  J 
N = B sin + t G COS 8 t H. 
TO  simplify  the  form of the  equations,  let: 
5- 4 
T = A' t B2 + C2 - DZ - 2 AB COS $ 
V = 2 BC sin $ 
W = - 2C (B cos  $ - A) 
X = M2 t NZ t K2 + E' - FZ 
Y = 2 (ME + NK) 
Z = 2 (NE - MK). 
Eqs. 5- 7 and 5-9  may  be  rewritten 
T = V sin CY t W cos CY 
(5- 10)  
X = Y sincr t Z cos CY. (5- 11)  
By simple  algebraic  manipulation  two  equations  may  be  obtained  from  Eq. 
5- 1 1  one involving cos (Y and the other involving sin CY . By the squaring 
and adding of these equations CY may be eliminated and a single equation 
involving 8 and + produced as: 
in  which 
U TY - VX 
Q = W X -  T Z  
R = W Y  - VZ. 
(5- 12)  
Using  the Newton- Raphson  method  Eq. 5- 12  may  be  solved  for + in 
terms of a given  value for 8. The  curve as a solid  line  in  each of the  graphs 
for  this  mechanism  depicts @ as a function of 8 and  was  obtained  from Eq. 
5-12. The units for both @ and 8 a re   degrees .  
Angular Velocity 
The  term  d+/  de  may  be  obtained  from  Eq. 5- 1 2  by differentiating 
with  respect  to 8 yielding: 
2u - dU t 2Q - dQ - 2 R  - dR = 0. 
de  de  de 
(5- 13) 
By performing  the  indicated  operations  and  with  considerable  algebraic 
manipulations, the following may be determined: 
- d+ = numerator 
de  denominator 
(5- 14) 
in  which 
numerator = [ U  (TKG - VNG) t Q (WNG - TEG) 
- R (WKG - VEG) ] s in  8 
- [ U (TEG - VMG) -k Q (WMG + TKG) 
- R (WEG t VKG)] cos 8 
denominator = [U(YAB - TEB t VMB) t Q (XBC-WMB - RKB 
- R (YBC - WEB - VKB)] sin + 
+ [U (TKB - VNB - XBC) t Q (WNB - TEB) 
- R (WKB - VEB - ZBC)] cos 9 .  
With a value  for d+/ de  from  Eq. 5- 14, the  angular  velocity of the  output, 
link B, may be calculated using Eq. 5- 3. The dashed line curves in the 
5- 6 
A 
1 @ 
~~ 
graphs  that  follow  were  obtained by evaluating Eq. 5- 14. The  unit  for 
d+/ de  will  be  radians/  radian  or  numerically  this  will  be  the  same as the 
unit  degrees/  degree. 
Angular  Acceleration 
An expression  for d2$/ de2  may  be  determined  by  differentiating 
Eq. 5- 13 with respect   to  8 producing: 
Performing  the  indicated  differentiations  and  following  extensive  algebraic 
manipulations,  the  expression  may  be  written: 
d2+ = -Number 
de Denomin 
- (5- 16) 
in  which 
5- 7 
- 2 -  dT X "1 - R [2(sin e)(-  WEG - VKG) t 2 (cos B)(VEG - WKG) 
de  de 
and  in  which 
Denomin = U[ 2 sin +(YAB - TEB t VMB) t 2 cos  +(TKB - VNB - XBC)] 
t Q [ 2  sin +(XBC - WMB - TKB - ZAB) t 2 COS +(WNB - TEB)] 
- R [ 2  sin + (YBC - WEB - VKB) t 2 cos +(WKB - VEB - ZBC)] . 
In these  expressions  several   terms  need  to  be  derived  and  are as follows: 
dV dN 
de  de de  de  
dY = 2 E  - dM t 2K -, - dN dZ - dN  dM 
de  de de de  de  de 
= 2 E  - -  2K - 
With these several expressions d2+/de2 may be calculated. This quantity 
has  been  evaluated  for  several  different  configurations  and is presented  in 
the  graphs  for  this  mechanism as a ser ies  of small triangles. As noted 
previously a more  common  engineering  expression  for  angular  acceleration 
is given  by Eq. 5- 5 in  which  d2+/  de2  may  be  determined by Eq. 5- 1 6  and  the 
related  equations. 
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Figure 6- 1 
Figure 6- 1 defines  Mechanism #6 which  may  be  viewed as a pair  of 
slider-crank mechanisms joined back-to-back. The input is considered to be 
angular  position of link A and  the  output  the  angular  position of l ink D. Thus 
0 ,  the Greek letter theta,  is the input and +, phi, is the output and the solid 
l ines   in   the  ser ies  of graphs  for  this  mechanism  depict  Q, as a function of 8 
for specific combinations of parameters  A, B, C, D, E, F, and G (the 
identity  as  well as the  length of a link is noted  by a capital   let ter) .  
Each  graph  shows + versus  8 as a solid  line,  the  derivative of 9 with 
respec t   to  0 ver sus  8 as a dashed  line,  and  the  second  derivative of $ with 
respec t   to  0 ver sus  8 as a series of small triangles. Note that each graph 
has been shifted so that the displacement begins at its maximum value. The 
amount  by  which  each  curve  has  been  shifted is indicated  (in  degrees)as  part 
of the  abscissa  title.  Both Q and 0 are   presented  in   the  uni ts   degrees .  
6- 1 
Scales  have  not  been  presented  for  the  derivatives  but  each  graph 
heading  includes  the  maximum  and  minimum  angular  velocities  and 
accelerations  which  are  usually  most  important  to  designers.   Scales  for 
the derivatives can be produced easily from the heading data. The zero 
value  for  velocity  occurs at the  beginning  point of each  velocity  curve as 
this  coincides  with  the  maximum  displacement. 
The  points  about  which  links A and D rotate   are   not   necessar i ly   on a 
l ine  parallel   to  the  direction of motion of the  slider.  The  offset of these  two 
points is shown as a distance F. One may consider this differently and say 
that  the  sl ider  does  not  necessarily  have  motion  parallel   to  the  l ine of centers  
of the  links A and D. The  one  viewpoint  may  be  translated  into  the  other at 
will. 
Referring  to  Figure 6- 1 of this  mechanism,  the  following  equations 
may  be  noted: 
X = A (1 - cos 0)  t B cos y 
Y = D (1  - cos +) t [E2 - (D s in  + - H)2]1/2. (6- 2) 
The  center-to-center  distance  between  the  axes of rotation of links A and D, 
measured  paral le l  to  the  direction of motion of the  s l ider ,  is G and  may  be 
written: 
G = X - A + Y - D .  (6- 3)  
Let J = X - A - G, which in t e r m s  of 0 may  be  writ ten 
Combining  the  four  equations  yields: 
D COS + - J = [E2 - (D s in  + - H) 2 ] 1/2 . (6- 5) 
6 -  2 
Squaring Eq. 6-5 (and grouping terms calling  them K) will  produce: 
K - J c o s + - H s i n + = O  
in  which 
K = (Dz + Hz + Jz - E'))/ (2D) . (6- 7) 
Given the parameters which define the mechanism (A, B, C, D, E, F, 
and G) and a value of 8 then  the  solution of Eq. 6- 6 will  produce a value  for 
9. If Eq. 6-6 is rewri t ten as 
S = K - J c o s + - H s i n +  (6- 8 )  
then (P which  corresponds  to a particular  value of 8 will  imply  that S equals 
zero. The solution to Eq. 6- 8 (i. e. S = 0 )  may be obtained by Newton' s 
method  which  reduces  to  the  successive  applicationof: 
91 = (Po - c K - J cos  $0 - H s in  $0 J sin 90 - H cos 90 I *  
In this  equation $0 is an  approximate  solution of Eq. 6- 8 (that  makes S = 0) 
and 91 is a more exact value.  If the original value, $0, is very  c lose  to   the 
solution, Eq. 6 -9  may  need  to  be  applied  only a few  times  to  obtain  the 
value of 9 which  corresponds  to 0. 
Angular Velocity 
To obtain  the  angular  velocity,  Eq. 6-6 may  be  differentiated  with 
respec t   to  8: 
(6- 10) 
F r o m  Eq. 6- 10: 
d J  dK cos + - - -
* =  de  de (6- 11) 
d6 J s in  $ - H cos + 
The  appropriate  derivatives  may  be  determined  from Eqs. 6-4 and 6-7: 
- ( A  cos 8)(A sin 8 - C) + A sin e 
[BZ - (A s in  e - C ) Z ]  
J d J  - x -. 
D de  
Eq. 6- 11 with the two equations above and Eq. 6-4, which defines J ,  determine 
the angular velocity of the output, d+/ de, in the units of degrees/   degree.  A 
more  conventional  expression  for  angular  velocity is obtained  as: 
a ! = *  x - de  radians - radians x -I radians (6-12) 
dt  de  dt second  radian  second 
in  which 
de = rpm X   IT X - 
dt 60 
1 -
radians - r e v  x radians x minute . 
second minute  rev  seconds 
- 3 
Equation 6- 12  may  be  written: 
* =  x ~ r p m ~  - ,  d+  radians . 
dt 30 de second 
(6- 13) 
In  words,  the  angular  velocity of link D (radians/  second) is obtained as the 
product of T /  30 times the  angular  speed of link A (revolutions/minute)  and 
6- 4 
d+/ de  (radians/  radian).  Values  for  this latter term may be  obtained  from 
a graph  ( the  dashed  l ine),   or  from Eq. 6- 1 1 ,  or   f rom  the  heading of a graph 
as VEL. MAX o r  VEL. MIN. 
Angular  Acceleration 
The  angular  acceleration of the  output  link D may  be  obtained  by 
differentiating Eq. 6- 10  with  respect  to 8 with  the  result: 
"J + sin + 3 X - + J s in + - cos + - 49. dJ 
de' de2   de  dez 
( 6 -  14) 
This  may  be  rearranged as: 
I 
( 6 -  15) 
in  which 
d2K - 1 
de2 D de' 
" - - -  
M =  (A cos e) (C  - A s in  e )  
N 
After + has  been found for  a particular  value of 8 (using  several  
i terations of Eq. 6-9) then  the  angular  velocity of link D may  be found f r o m  
Eq. 6- 11. Following the evaluation of this equation the angular acceleration 
of the output link, D, may be obtained by means of Eq. 6- 15. The evaluation 
of these  equations  has  produced  the  several   graphs  which follow. 
The  angular  acceleration of link D may  be  given  in  more  conventional 
engineer ing  terms  as :  
dt  dt  dt 
(6- 16) 
If the  angular  speed of link A remains  constant,  then d28/ dt2  equals  zero. 
The  expression  for  the  angular  acceleration of the  output  link,  with  the 
input  link  turning  with  constant  speed,  simplifies  to: 
2 radians 
second2 
(6-  17) 
The   t e rm d2+/ de2  may  be  obtained  from a graph  ( the  ser ies  of smal l  
t r iangles ) ,   o r   f rom Eq. 6- 15, or  the  extreme  values  may  be  noted  in  the 
heading of a graph as ACC. MAX or  ACC. MIN. 
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MECHANISM #7 
Figure  7- 1 
Figure  7- 1 defines  Mechanism #7 which  consists of several   l inks,  a 
fixed gear labeled #1, and a moving gear labeled #2. For   this   mechanism 
8 ,  theta, is considered as the input and 9, phi, is considered as the output. 
Each  link of the  mechanism is identified  by a capital  letter  which is a l so  
used  for  specifying  the  length of the  link.  The  link  lengths are noted as par t  
of the  title  on  each of the  several   graphs  which  follow. 
Each  graph  for  this  mechanism  shows 9 ver sus  8 as a solid  line,  the 
derivative of 9 with  respect   to  8 ver sus  8 as a dashed  line,  and  the  second 
7- 1 
derivative of + with  respect  to 8 plotted  versus 8 as a se r i e s  of small 
triangles. Each curve begins with the maximum displacement of +. This 
has  been  accomplished  by  shifting  the 8 axis. The amount by which each 
curve  has  been  shifted is indicated  (in  degrees) as par t  of the  abscissa  title. 
The  zero  value  for  velocity  occurs at the  beginning  point of each  velocity 
curve as this coincides with the maximum displacement. Both the variables, 
8 and +, are presented  in  the  units of degrees  on  each  graph. 
Scales  for  the  derivatives  have not been  presented but each  graph 
heading  includes  the  maximum  and  minimum  for  both  the  velocity  and 
acceleration, that is, for  both  the first and  second  derivative of (p with  respect 
t o  8. From these data scales for the derivative may be constructed.  The units 
for  the  derivatives  will  be  radians  per  radian  for d(p/ de  and  radians  per  radian 
squared for d2+/de2. A more conventional engineering unit for angular velocity 
may  be  derived as: 
radians - radians x degrees  
second radian  second 
- 
dt  de  dt
in  which 
de 2T x - 1 = rpm X 
dt 60 
-
radians - r ev  x radians x minutes 
second  minut e rev  second 
- 
Substituting Eq. 7 - 2  into Eq. 7- 1 will yield: 
" '4 - X rpm x @ radians second dt 30 de 
(7- 3) 
In words,  the  angular  velocity of link E (radians/  second) is obtained as the 
product of 'TT / 3 0  times the angular speed of the input link (revolutions/ 
minute)  and d+/  de  (radians/  radian).  Values  for  this  latter  term  may  be 
obtained  from a graph  (the  dashed  line),  or  from  equations  which  follow,  or 
the  extreme  values  may  be  obtained  from  the  heading of a graph as VEL. MAX 
7- 2 
and VEL. MIN. 
The  angular  acceleration of link E may  be presented  in   more 
conventional  engineering terms as: 
If the  angular  speed of the  input  link,  the  position of which is specified by 8, 
remains constant then d26/dtz is identically zero. The expression for the 
angular  acceleration of the  output  link  with  the  input  link  turning  with  constant 
speed  simplifies  to:  
- fi [$ x r p m ]  2 , radians (7- 5) 
dez  second' 
Values  for  the  term d2$/ dez  may  be  obtained  from a graph  (the  curve  given 
by a s e r i e s  of small tr iangles)  or  from  equations  which  are  derived  or  the 
extreme  values  may  be  noted  in  the  heading of a g raph   a s  ACC. MAX and 
ACC. MIN. 
To completely  define  the  mechanism  requires  specifying  the  orientation 
of the  two  gears.   This is indicated  in  Figure 7 - 2  in  which  the  mechanism is 
presented for 8 = 0. The angle G in addition to the dimensions of A, B, C, 
D, E, and F completely defines the mechanism. Note that G is given (in 
degrees)  as par t  of the  heading  for  each  graph. 
Referr ing  to   Figure 7- 1 the  relationship  between 6 and p may  be 
established as : 
p =  e [I t$] t G. 
7- 3 
1 
F igure  7-2 
Let 
Then  the  projections of the  mechanism  onto  horizontal  and  vertical  lines  will 
give  the  relations: 
E COS 4 = H COS 8 t C COS p + D COS y - F 
E sin 9 = H sin 8 t C sin p t D sin y . (7-  )
Solving for D cos y and D s in  y from these equations,  squaring them, and 
then  adding  the  resulting  equations  together  will  produce: 
D2 = E 2 t  H2 t C 2  t F2 - 2CF C O S  p - 2 FH C O S  8 t 2 E F  C O S  9 
- 2EH cos (+ - e )  - 2CE cos (4 - /3) t 2 CH cos (8 - 6 )  . (7- 8) 
With p given in terms of 8 by Eq. 7-6 ,  the   expression of Eq. 7- 8 involves 
the  two  variables 8 and 9. Upon specifying a value  for 8 the  value  for 9 may 
be determined. The Newton-Raphson method has been very satisfactory for 
obtaining  values  for 9 the   resul ts  of which are   indicated by  the  solid  lined 
curves of the  attached  graphs. 
7- 4 
Angular Velocity 
An  expression  for  d+/de  may  be  obtained  by  differentiating  Eq. 7 - 8  
with respect to 8. Doing so resu l t s  in: 
] [ 1 -  z]}/[.H s in  (+ - e) - EF sin + t CE  s in  (+ - p ) 1 
(7- 9) 
in  which 
Having  determined + i n   t e rms  8 from  Eq. 7-8, d+/ de  may  be  calculated  using 
Eqs. 7- 9 and 7- 6. The angular velocity of the output, link E, may be 
evaluated with the application of Eq. 7-3. 
Angular  Acceleration 
Eq. 7 -9  may  be  differentiated  with  respect  to 0 to  yield  an 
expression  for d2+/ de2  as:  
t C F  C O S  p t C E c o s  ( ( s - p )  [ 1[3' t F H c o s e + E H c o s ( + - e )  
- ~ ~ ~ o s ( e - p )  [ 1 -  21 ')/kl? sin+-EH  s in(+-e)-CE  s in(+-p)  - 
(7- 10) I 
7- 5 
This  expression  for  dZ$/dez  has  been  used  for  constructing  the  curves, 
which are a se r i e s  of small tr iangles,  on the graphs which follow. As 
noted  before  the  more  conventional  units  for  the  angular  acceleration of 
link E is obtained by using Eq. 7-5. 
This  mechanism  offers a great   var ie ty  of form  for  input-output 
motion transformations. A thorough understanding or "feeling" for using 
this  mechanism is not easily attained. The fact that epicyclic gear trains 
are  quite  commonplace  does  add  an  incentive  to  learn  more  about  Mechanism 
#7. Note that i f  the  ratio of A to  B is irrational,  the  resulting  displacement 
curve (that is, c j  versus e )  will not by cyclic. Even for an integer ratio of 
A t o  B less   than 10, the  motion  transformations  become  extremely  complex. 
Of course,  this  complexity  might  in  itself  be a challenge  in  that  the  possibilities 
of matching  complicated  displacements  surely  will  require  something  other 
than  an  elementary  mechanism. 
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